ABSTRACT This paper copes with the vibration reduction and angle positioning issues of a flexible Timoshenko arm system by developing a boundary vibration control strategy. Considering the influence of nonlinear input constraints, constrained boundary controllers are proposed by integrating smooth hyperbolic tangent functions to reduce the elastic and shear deformations and achieve the angular tracking for the flexible link. Meanwhile, these controllers are constrained within the desired input limitations. Under the proposed controller, the theoretical analysis and simulations were made to present the stability of the system and the feasibility of the proposed control strategy.
I. INTRODUCTION
Boundary control is a common and effective control strategy for stabilizing infinite-dimensional systems [1] - [5] for its constitution and implementation in many engineering fields, e.g., marine riser system [6] , crane-cable systems [7] , industrial moving strips [8] - [10] , flexible aircraft wing systems [11] , [12] , flexible robotic manipulator systems [13] - [15] , and other flexible structures [16] - [20] .
Integrating with various control techniques, boundary control is developed to improve the control performance and achieve some specific objectives, e.g., force control [21] , backstepping boundary control [22] , [23] , robust adaptive boundary control [24] - [27] , fuzzy boundary control [28] - [30] , UDE-based boundary control [31] , sliding mode boundary control [4] , iterative learning boundary control [32] , [33] , etc. A boundary force control method was proposed to address the vibration suppression problem in the flexible Timoshenko arm in [21] . In [34] , vibration control for a 2D crane with variable length under external disturbances are ensured with output constraint satisfaction. The authors in [35] considered the effect of the distributed tension and axial moving velocity for a moving string system
The associate editor coordinating the review of this manuscript and approving it for publication was Ning Sun. and developed barrier-based control to guarantee the limited boundary tension by constraining output signals. In [36] , the author investigated a three-dimensional vibration control problem for an extensible marine riser while considering stochastic and deterministic sea loads. In [37] , an adaptive robust boundary control is developed and extended to vibration suppression for a flexible plate. This paper focuses on vibration attenuation and aims to design vibration control for a flexible Timoshenko arm.
In practical flexible systems, there exist nonlinearities in the implementation of the designed actuator or mechanical structures, i.e., saturation, backlash, hysteresis, and deadzone [38] - [42] . If these nonlinear input characteristics are ignored in dynamical analysis and control design, the performance of flexible systems will deteriorate, resulting in instability. Many studies and methodologies have sought to handle these constraints [9] , [10] , [15] , [25] , [39] , [40] , [43] , [44] . In [9] , stability analysis for a vibrating strip system under external disturbances and nonlinear input deadzone is investigated and a vibration control law is designed. In [10] , the effect of input constraint is taken into consideration in an axial moving-belt system and a boundary output feedback control is presented to handle unknown states and reduce vibrations in this flexible structure. In [25] , the authors consider the influence of input saturation on a flexible marine riser system and design boundary control with an auxiliary system to compensate for input constraints. However, an unsmooth system is usually used to propose vibration control to compensate for nonlinearity in input actuators in previous studies, while these discontinuous characteristics may cause a chattering problem for unmodeled system dynamics in practice. In this paper, our interest lies in the design of anti-saturation control that exploits the continuous smooth tangent function for a flexible Timoshenko arm.
A new smooth boundary control law for the flexible Timoshenko arm system considered in this paper, that handles the vibration suppression and input constraint problem by constructing Lyapunov function candidates with a hyperbolic function. Three continuous boundary controllers are designed to reduce elastic and shear deformations to ensure that the arm tracks a given angle while maintaining the control input within specified limitations. The overall, main contributions are listed as:
(i) The hyperbolic function is adopted to construct the Lyapunov function candidate and develop new smooth boundary control laws that reduce the manipulator's vibration and shear deformation, track the desired angle, and maintain designed control inputs within the desired limitations, which overcomes the chattering phenomenon from using the sign function to restrict the control input. (ii) New continuous constrained control laws are designed with boundary signals and implemented at the end of the flexible arm to validate the flexible Timoshenko arm system's stability. The rest of this work is presented as follows: Section II formulates the considered flexible Timoshenko arm and presents the dynamical model of this system. Section III presents control objectives and the design for continuous constrained boundary vibration control laws. Section IV validates the control performance through simulations, and the final section concludes the work.
II. PROBLEM STATEMENT AND DYNAMIC MODEL
Definition 1: Notations are defined to simplify the paper's analysis: Fig. 1 illustrates a flexible Timoshenko arm system with elastic deformation v(s, t), displacement Y (s, t), shear deformation χ (s, t), and real joint angle η(t), where Y (s, t) = v(s, t) + sη(t). Besides, u(t), τ 1 (t), and τ 2 (t) illustrate three implemented control inputs (force and torque), that will be designed later where u m , τ 1m , and τ 2m are their given limitations.
In reference to our previous work [15] , the flexible Timoshenko arm system is described as 
where K = kGA is related to a positive constant k, the crosssectional area A, and the shear modulus of elasticity G. l, EI , ρ, and I ρ are respectively the length, bending stiffness, the unit mass, and unit inertia of the flexible link; and m and J are the mass and inertia of the tip payload, respectively. Note that (1) and (2) describe the elastic and shear deformations of the flexible Timoshenko arm respectively, and (3) and (4) describe the boundary elastic and shear deformations of the flexible Timoshenko arm. (5) describes the angular position of the flexible link.
III. CONTROL DESIGN
The control objectives of this work are to propose new boundary control laws with smooth hyperbolic tangent functions for suppressing elastic and shear deformations, tracking the desired angle, and ensuring that the control input remains within given constraints. Fig. 2 illustrates the design of control strategies. Adjusting the Lyapunov function candidate, designs smooth boundary control laws as (10) where k i are the control gains and α i are the positive constants to enhance the robustness i = 1, 2, 3, 4. Meanwhile, η e (t) is the angle error defined as
with η d being the desired angle position and a positive constant. Theorem 1: For the flexible Timoshenko arm system (1)-(6), the following properties hold for constrained boundary control laws (8), (9) , and (10), and bounded initial conditions.
(i) The angular tracking performance can be guaranteed, (i.e., the angel position error signal η e (t) tends to zero as time goes on).
(ii) The presented control inputs are bounded, and their boundaries are presented as follows:
Proof:
Step 1: Based on the energies of the flexible Timoshenko arm system, choose a positive-definite Lyapunov function candidate
where
W η (t) = α 3 ln(cosh(k 3 η e (t))).
Basis on the properties of hyperbolic cosine function and logarithmic function, we derive W η (t) ≥ 0. Then, the combination of W 1 (t) and W 2 (t) yields W (t) ≥ 0.
Step 2: Differentiating (15) giveṡ
Differentiating W 1 (t) (1) and (2),Ẇ 1 (t) yieldṡ
Differentiating W 2 (t) with time, and substituting (3)- (6) and control laws (8), (9), and (10),Ẇ 2 (t) yieldṡ
The derivative of W η (t) yieldṡ
Substituting (20), (21), (22) into (19), we havė
ForẆ (t) = 0, we obtainẎ (l, t) =χ(l, t) =η e (t) = 0, which implies thatŸ (l, t) =χ (l, t) =η(t) = 0 and u(t) = τ 1 (t) = 0. Combining (3) and (4), we also derive χ (l, t) = 0 and χ(l, t) = v (l, t), indicating l 0 χ(s, t)ds = v(l, t). Invoking (5), (10) , the previous statement, we can derive that e(t) = 0, showing the tracking performance of the angular position. Further, we can obtain that v(s, t) and χ(s, t) converge to zero with the extended LaSalle's invariance principle, namely, that the flexible Timoshenko beam robotic manipulator system is asymptotically stabilized.
Remark 1: From (8)- (10), we obtain
Therefore, by adjusting parameters α 1 , · · · , α 4 , k 1 , · · · , k 4 , these control laws can be constrained within the input limitations u m , τ 1m , and τ 2m . Remark 2: From the proposed control laws (8), (9) and (10), they are designed with the available boundary signals Y (l, t), χ(l, t), η(t), andη(t) and are implemented at the end of the flexible structure to achieve the deformation reduction and angular tracking. Differ from the previous work [15] , the smooth constrained boundary controllers analyzed in Remark 1 are developed to compensate for the influence of the input nonlinearity.
IV. NUMERICAL SIMULATIONS
Based on the dynamical model of the flexible Timoshenko arm (1)-(6), the finite difference method [45] - [48] For ignoring the influence of the external damping, the free vibration of the flexible system will still exist and it maybe result in the fatigue problem for the flexible structure.
To reduce the deformations of the flexible structure and achieve the angular tracking, we design two control laws (8)- (10) . By choosing control design parameters α 1 = in Figs. 8 and 9 . Meanwhile, the designed control inputs u(t), τ 1 (t), and τ 2 (t) are illustrated in Figs. 10-12 , respectively. Note that these control laws can be constrained within the input limitations u m , τ 1m , and τ 2m .
Figs. 10-12, show that the developed controls can regulate elastic and shear deformations of the flexible link and to track the desired angle with better performance, and the control inputs u(t), τ 1 (t) and τ 2 (t) are constrained in the specified domains. In other words, the developed control schemes have good performance on the vibration suppression and tracking the desired angle with given input limitations.
V. CONCLUSION
The vibration suppression and angle positioning problems of a flexible Timoshenko arm system have been studied while considering the input constraint problem in this paper. Hyperbolic functions were adopted to construct the Lyapunov function candidate and propose new boundary controls for reducing the vibration and shear deformation, achieving angle tracking and restricting control inputs in the specified limitations. The proposed controls could ensure that the robotic manipulator was placed at the desired angle. Finally, simulation results were represented to illustrate the control performance. This is a good topic for future work to consider the influence of external disturbances and coupling between two-dimensional deflections. In addition, the use of neural or learning approaches [49] - [55] for flexible manipulator system is meaningful.
